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We have studied relationship between local lattice disorder, Ru 4d spin-orbit interaction,
and global spin/orbital orders of Ca2−xSrxRuO4 in the Sr-rich and Ca-rich regions of
its phase diagram by using unrestricted Hartree-Fock calculation on a 8 × 8 RuO4
lattice model. The calculations show that the local elongation of RuO6 octahedron in
an antiferromagnetic insulator Ca2RuO4 induces local orbital change with making the
Mott gap narrower. On the other hand, local compression of RuO6 octahedron in a
paramagnetic metal Sr2RuO4 induces global antiferromagnetic or ferromagnetic states.
This result is consistent with a recent systematic µSR study by Carlo et al. which has
revealed the static antiferromagnetic order at low temperature in the Sr-rich region.
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1. Introduction
The layered perovskite Ca2−xSrxRuO4 (CSRO) system has been attracting consider-
able interest due to the interesting evolution from the spin-triplet superconducting state
in Sr2RuO4 to the Mott insulating state in Ca2RuO4.
1–4 The structural phase diagram
of CSRO exhibits an interesting interplay between titling, rotation, and Jahn-Teller dis-
tortion of RuO6 octahedron.
5 The magnetic and electronic properties of CSRO strongly
correlate with the structural distortions. The Mott transition at x = 0.0 (Ca2RuO4)
is accompanied by the Ru 4d orbital change due to the Jahn-Teller distortion.6, 7 For
x ≤ 0.2, CSRO is an antiferromagnetic insulator at low temperature due to the Jahn-
Teller driven compression of RuO6 octahedron along the c-axis. For 0.2 ≤ x ≤ 0.5,
the tilting of RuO6 octahedron provides orthorhombic distortion, and the magnetic
susceptibility shows a heavy Fermion behavior at low temperature. The orthorhombic
distortion seems to suppress the ferromagnetic and/or small-q antiferromagnetic fluc-
tuation while it still enhances the mass renormalization towards x = 0.2. Although
the mass enhancement around x = 0.2 is claimed to be explained by orbital selective
Mott transition,8 existence of orbital selective Mott transition in multi-band Hubbard
models depends on the details of parameters in the Hubbard Hamiltonians.9, 10 It is
still controversial whether the orbital selective Mott transition of the multi-band Ru 4d
electrons is relevant for the electronic phase diagram of CSRO or not. As for the tiny
Sr substitution in the Mott insulating state of Ca2RuO4, the transport properties are
dramatically changed by the Sr doping.11
Very recently, a systematic µSR study has revealed that static antiferromagnetic
order exists at low temperature even in the Sr-rich region (1.5 ≤ x ≤ 2.0) of its phase
diagram.12 This indicates that the local distortion of RuO6 octahedron introduced by
the Ca substitution plays important roles to stabilize the antiferromagnetic state. On
the other hand, in the Ca-rich region (0.0 ≤ x ≤ 0.5), the Sr-substitution reduces the
magnitude of the Jahn-Teller distortion, tilting, and rotation of the RuO6 octahedron in
Ca2RuO4 and, consequently, destroys the spin and orbital orders of Ca2RuO4. In order
to gain deeper understandings of the phase diagram, it is important to study the Ru 4d
spin-orbital states using a realistic model in which the effects of spin-orbit interaction
and lattice distortions are considered.
In this paper, we investigate the Sr or Ca doping effects on the electronic structure
of CSRO system at both ends of its phase diagram (which are Sr2RuO4 and Ca2RuO4)
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by means of unrestricted Hartree-Fock (HF) calculation, which includes the spin-orbit
interaction and lattice distortion induced by the chemical substitution.
2. Method of calculation
We use the multiband d-p model where full degeneracy of the Ru 4d orbitals and
the O 2p orbitals are taken into account. The Hamiltonian is given by
Hˆ =Hˆp + Hˆd + Hˆpd
Hˆp =
∑
klσ
ǫpkp
†
klσpklσ +
∑
kll′σ
V ppkll′p
†
klσpkl′σ + h.c.
Hˆd =ǫ
0
d
∑
iαmσ
d†iαmσdiαmσ +
∑
iαmm′σσ′
hmm′σσ′d
†
iαmσdiαm′σ′
+ u
∑
iαm
d†iαm↑diαm↑d
†
iαm↓diαm↓
+ u′
∑
iαmm′
d†iαm↑diαm↑d
†
iαm↓diαm↓
+ (u′ − j)
∑
iαmm′σ
d†iαmσdiαmσd
†
iαm′σdiαm′σ
+ j
∑
iαmm′
d†iαm↑diαm′↑d
†
iαm′↓diαm↓
+ j′
∑
iαmm′
d†iαm↑diαm′↑d
†
iαm↓diαm′↓
Hˆpd =
∑
kmlσ
V pdkmld
†
kmσpklσ + h.c.
Here, d†iαmσ are creation operators for the Ru 4d electrons at site α of the i
th unit cell
and d†kmσ and p
†
klσ are creation operators for Bloch electrons which are constructed from
the mth component of the 4d orbitals and from the lth component of the O 2p orbitals,
respectively, with wave vector k. The matrix hmm′σσ′ denotes the spin-orbit interaction
and the effects of crystal field splitting. The magnitude of the spin-orbit interaction for
the Ru 4d orbital is fixed as 0.15 eV. The transfer integrals between the O 2p orbitals
V ppkll′ are given by Slater-Koster parameters (ppσ) and (ppπ) which are fixed at 0.60 eV
and −0.15 eV respectively. The transfer integrals between the Ru 4d and O 2p orbitals
V pdkml are represented by (pdπ) and (pdσ). They are fixed as (pdσ) = −2.8 eV and
(pdπ) = 1.26 eV for the longer in-plane Ru-O bond of Ca2RuO4 whereas (pdσ) = −3.4
eV and (pdπ) = 1.53 eV for the shorter in-plane Ru-O bond of Sr2RuO4. The summary
of the material-dependent parameters are shown in Table I. The tilting of the RuO6
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octahedron is included for Ca2RuO4. The distortion parameter δJT is defined as δJT =
dapical/din-plane which is the ratio between the apical and in-plane Ru-O bond distances.
The distortion parameter δJT is utilized to express the elongation/compression of RuO6
octahedron as in Fig. 4(a). In the Sr-rich (Ca-rich) region, δJT = 1.07 (0.95) for the host
lattice and δJT = 0.95 (1.07) for the locally distorted site. When the RuO6 octahedron is
distorted, the transfer integrals are scaled by Harrison’s rule. The intra-atomic Coulomb
interactions between Ru 4d electrons are given by Kanamori parameters. They are fixed
as u = u′ + j + j′ = 3.0 eV and j = j′ = 0.5 eV. The charge-transfer energy ∆ (fixed
as −0.4 eV) is defined by ǫd − ǫp + 4U , where ǫd and ǫp are the energies of the bare
Ru 4d and O 2p orbitals and U [= u − (20/9)j] is the multiplet-averaged d-d Coulomb
interaction fixed at 1.89 eV.
We set the 8 × 8 supercell with periodic boundary conditions and put the Ru 4d
and O 2p electrons on its each site. The local distortion is introduced at one Ru site of
the supercell as shown in Figure 4(b). The total number of electron in the supercell is
1792 (256 Ru 4d and 1536 O 2p electrons). The HF mean-field treatment is applied to
the two-body part in Hˆd by replacing its average values, for instance,
u
∑
iαm
d†iαm↑diαm↑d
†
iαm↓diαm↓
→
u
∑
iαm
〈d†iαm↑diαm↑〉d
†
iαm↓diαm↓
+ u
∑
iαm
d†iαm↑diαm↑〈d
†
iαm↓diαm↓〉
− u
∑
iαm
〈d†iαm↑diαm↑〉〈d
†
iαm↓diαm↓〉
In this Hartree-Fock calculation, we input the initial values of the order parameters
such as 〈d†d〉 and diagonalize the mean-field Hamiltonian to get a set of eigen functions.
Then the order parameters can be calculated using the obtained eigen functions. This
self-consistency cycle is iterated until the successive difference of all the order parameters
converge less than 10−4.
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3. Results and Discussion
We calculate the following four cases to see the doping effects. For the Ca-rich
region, we calculate the orbital population of Ca2RuO4 and Ca2−xSrxRuO4 with a
single-site distortion by the tiny Sr doping (let us label these two cases as case (i) and
(ii), respectively). For the Sr-rich region, we calculate Sr2RuO4 and CaxSr2−xRuO4 with
a single-site distortion by the Ca doping (let us label these two cases as case (iii) and
(iv), respectively). Since we set the 8 × 8 supercell, the ratio of one-site transposition
is equal to 1/64 ≃ 0.0156. In terms of the doping amount in this CSRO system, 1.56%
is equivalent to x = 0.0312 in Ca2−xSrxRuO4 and CaxSr2−xRuO4, respectively.
3.1 Ca-rich region
The present HF calculation using the reasonable parameter set predicts that
Ca2RuO4 is an antiferromagnetic insulator. The compression of the RuO6 octahedra
stabilizes the Ru 4d xy orbital compared to the Ru 4d yz/zx orbitals (Jahn-Teller type
energy splitting). The combination of the Jahn-Teller type energy splitting and the Ru
4d spin-orbit interaction can provide an interesting magnetic anisotropy. The antifer-
romagnetic insulating state with the in-plane (x or y axis) spin direction is lower in
energy than that with the out-of-plane (z axis) spin direction. The energy difference is
37 meV per Ru site for the present parameter set. The expectation value of d†d for each
orbital and spin component of the Ru 4d t2g states for Ca2RuO4 [case (i)] is shown in
Table II for the in-plane and out-of-plane antiferromagnetic states. In the out-of-plane
case, the complex orbitals with type of yz ± izx are unoccupied [namely, occupied by
the two Ru 4d t2g holes of the Ru
4+ (d4) configuration] while the xy orbitals are almost
fully occupied by the Ru 4d t2g electrons. Consequently the orbital angular momentum
along the z-axis is formed to align the spin moment along the z-axis. As for the in-plane
case, the complex orbitals with type of xy ± izx or xy ± iyz are unoccupied to give
orbital angular momentum in the xy-plane.
Assuming that one of the RuO6 octahedra is elongated due to the tiny Sr doping
in the case (ii), the orbital population of the elongated site would be affected due
to the reverse of the Jahn-Teller energy splitting between the xy and yz/zx orbitals.
Interestingly, the orbital population of the elongated site is dramatically changed for
the in-plane antiferromagnetic state whereas the impact of the elongation is limited for
the out-of-plane antiferromagnetic state. As shown in Table II, the orbital population
of the elongated site is almost the same as that of the compressed sites for the out-of-
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plane antiferromagnetic state. On the other hand, the xy orbitals accommodate more
holes at the elongated site for the in-plane antiferromagnetic state. The impact of local
reverse of the Jahn-Teller energy splitting strongly depends on the global spin direction
due to the strong Ru 4d spin-orbit coupling. Since the in-plane antiferromagnetic state
is realized in Ca2RuO4, the present calculation indicates that the local elongation of
the RuO6 octahedron produces the Ru 4d xy hole which can affect the global spin
and orbital orders of Ca2RuO4. The density of states (DOS) calculated for the cases
(i) and (ii) (which are Ca2RuO4 and Ca2−xSrxRuO4 at x = 0.0312) with the in-plane
antiferromagnetic states are shown in Figs. 4(a) and (b), respectively. One can see that
the Mott gap of Ca2RuO4 becomes narrower by the local elongation of RuO6 octahedron
(δJT = 1.07) induced by the tiny Sr doping. The reduction of the Mott gap is related
to the local orbital change induced by the reverse of the Jahn-Teller energy splitting.
3.2 Sr-rich region
The present HF calculation using the reasonable parameter set predicts that
Sr2RuO4 is a paramagnetic or ferromagnetic metal. For the present parameter set, the
ferromagnetic metallic state is slightly lower in energy than the paramagnetic metallic
state, and the energy difference is about 0.4 meV per Ru site. In the HF approxima-
tion, stability of ferromagnetic or antiferromagnetic states tends to be overestimated.
Therefore, the present calculation indicates that the parameter set is reasonable to ana-
lyze the paramagnetic metallic state of Sr2RuO4. The expectation value of d
†d for each
orbital and spin component of the Ru 4d t2g states for Sr2RuO4 [case (iii)] is shown
in Table III for the paramagnetic metallic state and the ferromagnetic metallic state.
In the paramagnetic state, the spin-up and spin-down states have the same population
for the xy, yx, and zx orbitals, respectively. In the ferromagnetic state, the spin polar-
ization for the yz/zx orbitals is larger than that of the xy orbital, indicating that the
yz/zx states stabilized by the elongation of the RuO6 octahedra are playing important
roles to provide the ferromagnetic interaction. As for the effect of tiny Ca doping to
Sr2RuO4 [case (iv)], it is assumed that one of the RuO6 octahedra is compressed due to
the Ca doping. The local compression of the RuO6 octahedron changes the stability of
the paramagnetic state and the nature of the magnetic state. The paramagnetic metallic
state becomes unstable and only the ferromagnetic and/or antiferromagnetic states are
obtained as stable solutions. The xy orbitals are more occupied at the compressed site to
induce antiferromagnetic superexchange interaction. The global antiferromagnetic state
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is stabilized by the local orbital change. The spin direction is intermediate between the
in-plane and out-of-plane directions probably due to the competition between the Ru
4d spin-orbit interaction and the local Jahn-Teller splitting of the Ru 4d levels. In the
stable magnetic state, the in-plane components of the Ru 4d spins are ferromagnetically
aligned whereas the out-of-plane components are antiferromagnetically arranged. The
DOS calculated for the cases (iii) and (iv) (which are Sr2RuO4 and CaxSr2−xRuO4 at
x = 0.0312) are shown in Figs. 4(a) and (b), respectively. The local compression of
RuO6 octahedron by the tiny Ca doping induces the small band gap at the Fermi level,
which can be assigned to the magnetic ordering.
4. Conclusion
Investigating the electronic structure of CSRO by unrestricted HF calculation, we
find the effects of local distortions on spin and orbital orders of the Ru 4d t2g states. As
for the Ca-rich region, we find that the antiferromagnetism survives when the single-
site distortion in Ca2RuO4 does carry on. The orbital state is locally disturbed for
the in-plane antiferromagnetic state resulting in the reduction of the Mott gap. As for
the Sr-rich region, on the other hand, the single-site distortion in Sr2RuO4 changes
the entire system to the ferromagnetic/antiferromagnetic state from the paramagnetic
state. The present study captures the trend of effects on Sr2RuO4 by the tiny amount
of Ca doping, which could explain the recent µSR study.12
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Tables:
Table I. Parameter sets for Sr2RuO4 and Ca2RuO4.
(pdσ) for in-plane Ru-O bond tilting angle δJT
Sr2RuO4 −3.4 eV 0 deg. 1.07
Ca2RuO4 −2.8 eV 12.5 deg. 0.95
Table II. Expectation values of < d†
mσ
dmσ > with m = xy, yz, zx and σ =↑, ↓ in the Ru 4d t2g
states for case (i) and case (ii).
case (i) Ca2RuO4
in-plane (xy) AFM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
0.95 0.95 0.53 0.76 0.52 0.77
out-of-plane (z) AFM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
0.98 0.98 0.98 0.28 0.99 0.26
case (ii) Ca2−xSrxRuO4
in-plane (xy) AFM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
compressed site (Ca site) 0.97 0.96 0.64 0.64 0.64 0.64
in-plane (xy) AFM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
elongated site (Sr site) 0.66 0.66 0.64 0.64 0.96 0.96
out-of-plane (z) AFM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
compressed site (Ca site) 0.98 0.98 0.98 0.28 0.99 0.26
out-of-plane (z) AFM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
elongated site (Sr site) 0.99 0.98 0.99 0.28 0.99 0.26
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Table III. Expectation values of < d†
mσ
dmσ > with m = xy, yz, zx and σ =↑, ↓ in the Ru 4d t2g
states for case (iii) and case (iv).
case (iii) Sr2RuO4
PM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
0.71 0.71 0.88 0.88 0.88 0.88
FM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
0.67 0.77 0.80 0.94 0.80 0.94
case (iv) CaxSr2−xRuO4 (Ca-doped)
AFM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
elongated site (Sr site) 0.60 0.85 0.85 0.88 0.86 0.87
AFM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
compressed site (Ca site) 0.79 0.94 0.61 0.89 0.61 0.89
FM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
elongated site (Sr site) 0.67 0.78 0.80 0.94 0.80 0.94
FM xy ↑ xy ↓ yz ↑ yz ↓ zx ↑ zx ↓
compressed site (Ca site) 0.88 0.91 0.68 0.81 0.68 0.81
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Figure captions:
Figure 1:
(Color online) Schematic diagram of (a) RuO6 octahedron with the definition of δJT
and (b) the supercell with a single-site distortion.
Figure 2:
(Color online) DOS (calculated with the Ru 4d spin-orbit interaction) of (a) Ca2RuO4
and (b) Ca2−xSrxRuO4 at x = 0.0312.
Figure 3:
(Color online) DOS (calculated with the Ru 4d spin-orbit interaction) of (a) Sr2RuO4
and (b) CaxSr2−xRuO4 at x = 0.0312.
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